Abstract -We analyze the low-energy properties of two-dimensional direct-gap semiconductors, such as for example the transition-metal dichalcogenides MoS2, WS2, and their diselenide analogues MoSe2, WSe2, etc., which are currently intensively investigated. In general, their electrons have a mixed character -they can be massive Dirac fermions as well as simple Schrödinger particles. We propose a measure (Diracness) for the degree of mixing between the two characters and discuss how this quantity can in principle be extracted experimentally, within magneto-transport measurements, and numerically via ab initio calculations.
Introduction. -Graphene research has triggered an enormous amount of work in the understanding of Dirac fermions in two-dimensional (2D) materials. A second generation of 2D crystals is now available, e.g., in the form of exfoliated boron nitride and transition-metal dichalcogenides [1] , such as molybdenum disulfide (MoS 2 ) [2, 3] or tungsten disulfide (WS 2 ) [4, 5] , as well as their diselenide analogues [6] [7] [8] . Whereas the low-energy electrons in graphene may be described in terms of massless Dirac fermions, the situation is different in most of the abovementioned second-generation 2D crystals, which are direct-gap semiconductors [9] [10] [11] [12] [13] [14] [15] . Although the latter have been modeled in several studies as massive Dirac fermions [14, 16, 17] a clear identification of the Dirac character, or Diracness, is yet lacking. A complication in this identification is certainly the rather large band gap, which limits the energy window where one may hope to describe the low-energy electrons in terms of massive Dirac fermions. Furthermore, if only the parabolicity of the conduction and the valence band is taken into account, in addition to the band gap, there is a large amount of arbitrariness in modeling the band structure. Instead of appealing to Dirac fermions, the band structure can conveniently be modeled in terms of two types of Schrödinger fermions with the appropriate band mass that yield two completely decoupled bands. One needs to point out that the coupling between the bands is not a consequence of the band gap or its absence -for the same gap value, the bands are strongly coupled when modeled as massive Dirac fermions, whereas they are decoupled for Schrödinger fermions. Indeed, the Diracness is encoded in the Hamiltonian, and it cannot be extracted from knowledge about the band energies alone.
The Diracness, which we propose to quantify in this paper, is nevertheless a physical observable that is unveiled by a magnetic field B. If one considers the two parabolic bands, Landau quantization yields a spectrum ǫ e,n ≃ ∆ + (eB/m C e )(n + γ e ) for electrons in the conduction band and ǫ h,n ≃ −∆ − (eB/m C h )(n + γ h ) in the valence band, in terms of the integer n. Here, the parameter ∆ yields the direct gap 2∆, and m C e and m C h are the electron (valence band) and the hole (conduction band) cyclotron masses, respectively. The phases γ e and γ h have mainly been described within semiclassical approaches [18] [19] [20] . They are related to the Berry phase and may be extracted from Shubnikov-de-Haas oscillations measured in magneto-transport experiments. Whereas Schrödinger fermions yield phases γ e = γ h = 1/2, massive Dirac fermions are strikingly different and the calculation of the Landau-level spectrum yields a phase γ e = γ h = 0 [21, 22] . A recent theoretical study on surface states of three-dimensional topological insulators in a magnetic field has shown that this phase is not necessarily quantized due to electron-hole asymmetry and can vary between the two limits [23] .
Here, we propose to quantify the notion of Diracness, which may also be viewed as the degree of inter-band coupling, for electrons in 2D direct-gap semiconductors. In a first step, we consider a simplified model that unveals the basic features of the Diracness in a transparent manner. The parameter is identified in an expansion of the Landaulevel spectrum as well as in a semiclassical treatment that p-1 allows for a direct connection between the phase offset and the Berry phase. Afterwards we discuss the Diracness in the most general model, within the Luttinger-Kohn representation [25] that accounts naturally for the different possible band anisotropies, in a second part. The measure we introduce may be viewed as the contribution of the Dirac mass m D = ∆/v 2 D , in terms of the direct gap ∆ and the Dirac velocity v D , to the overall band mass, which is extracted from the band structure. In contrast to this band mass, special efforts need to be invested in obtaining the Dirac mass although it is a physical observable. Indeed, it can be extracted experimentally from Shubnikov-de-Haas measurements and numerically, via ab initio calculations, by a determination of the Berry curvature at the direct gap.
Diracness in a simplified model. -Let us first consider the basic structure of a direct-gap semiconductor, which is that of a conduction band with a curvature given by the mass m e and of a valence band with mass m h . For the sake of simplicity, we consider the masses to be isotropic here, whereas an anisotropy in the parameters naturally arises in the general Luttinger-Kohn representation discussed later on. The bands are separated by a gap 2∆ at an arbitrary point K 0 in reciprocal space. Notice that, in the case of a time-reversal-symmetric system, there is another point K ′ 0 = −K 0 where the band structure also reveals a direct gap unless K 0 is itself a timereversal-invariant momentum in the first Brillouin zone of the underlying lattice, in which case the the Hamiltonian has a completely different structure [24] . Eventually, due to spin-orbit coupling the gap ∆ can be spin-dependent, but this does not alter the validity of the following argumentation such that we omit this case for simplicity.
The situation can be captured within a simple two-band model described by the Hamiltonian Refs. [23, 29] to model surface states of three-dimensional topological insulators.
Due to the off-diagonal terms in Hamiltonian (1), the bands are not simply parabolic. However, corrections beyond parabolicity may also arise from additional terms that we have neglected in our model. For the sake of consistency, we need to restrict ourselves to the spectrum expanded to second order in q,
where the band masses read However, the Diracness is revealed in two physical quantities: the Berry curvature and the phase offset of the Shubnikov-de-Haas oscillations, as we show below. A semiclassical treatment shows that both quantities are intertwined.
Landau-level spectrum. Before calculating the Berry curvature and the phase offset in a semiclassical approach, we show in this section how the Diracness can be extracted from the Landau-level spectrum associated with our Hamiltonian (1), via the Peierls substitution
is the magnetic length, and a is the usual harmonicoscillator ladder operator, which satisfies [a, a † ] = 1. The Hamiltonian thus reads 
Hamiltonian (5) can be diagonalized with the help of the ansatz
The zero mode (n = 0) has a negative energy,
and is thus situated in the valence band. This is a manifestation of the so-called parity anomaly, common for relativistic field theories in even space dimensions [28] , and p-2 The n = 0 Landau levels are also readily obtained by solving the eigenvalue equation H B ψ n = ǫ n ψ n for α and β, and one obtains two sets of levels (for the bands λ = ±) with
in terms of the frequencies Ω = eB/M and δω = eB/µ, which are related to the abovementioned cyclotron-type frequencies by ω 0 e = Ω + δω and ω 0 h = Ω − δω. Notice that this result also includes the expression (7) for the energy of the zero mode for n = 0 and λ = −. An expression similar to (8) has recently been obtained for the Landaulevel spectrum in two-dimensional molybdenum disulfide, where the terms δω and Ω were treated perturbatively [17] . Furthermore, Eq. (8) coincides, for Ω = 0 and the gap given by the Zeeman effect, with the Landau-level spectrum calculated for surface states of Bi 2 Se 3 [29] .
As in the case of zero magnetic field, we are interested in the spectrum to lowest order in n, which amounts to expanding the spectrum (8) in the weak-field limit Ωn/∆, δω/∆, ω ′ √ n/∆ ≪ 1, and one obtains
One first notices that the cyclotron frequencies are indeed those associated with the full band masses (4), ω e = eB/m e and ω h = eB/m h , and not given by the bare masses m 0 e and m 0 h . The information about the Diracness is encoded in the phase offset
in terms of the parameter
which we propose as a measure for the Diracness. Indeed, δ λ varies from zero for Schrödinger fermions in the case of fully decoupled bands to one for pure (massive) Dirac fermions. Notice that, for the expression (10) to be valid in this form, we have rearranged the counting of the Landau levels such that n starts from zero both in the conduction and in the valence band (see Fig. 1 ), whereas in the expression (8) the level n = 0 only occurs in the valence band, as mentioned above. The phase offset (10) is thus zero (for holes) or one (for electrons) in the case of pure Dirac fermions [ Fig. 1(c) ], whereas one retrieves the usual value γ λ = 1/2 for pure Schrödinger particles [ Fig. 1(a) ]. Therefore, the phase offset is no longer necessarily quantized, as shown for an intermediate value in Fig. 1(b) , similarly to the case of surface states in three-dimensional topological insulators with broken electron-hole symmetry [23] . However, the present treatment shows that the phase offset can be unquantized even for a particle-holesymmetric system, ǫ λ (q) = −ǫ −λ (q) in Eq. (2) . Notice that this symmetry is ensured by the existence of a chiral operator (here iσ y K, in terms of the complex conjugation K and the Pauli matrix σ y ) that anticommutes with the Hamiltonian (1) 
Semiclassical treatment.
In this subsection, we discuss the Diracness within a semiclassical treatment, where the reciprocal-space area S(ǫ λ ) enclosed by the trajectory C(ǫ λ ) is quantized via the Onsager relation [30] S(ǫ λ )l 2 B = 2π(n + γ λ ).
The phase offset encodes, by virtue of Eq. (10), the Diracness, which can be related to the Berry phase
via the relation [18, 22] ,
In Eq. (13) the Berry phase is expressed in terms of the Berry connection
integrated over the reciprocal-space orbit C(ǫ λ ) of energy ǫ λ . In the above expressions, ψ λ (q) are the (spinorial) eigenstates of Hamiltonian (1) and e θ is the unit vector perpendicular to the wave vector q. The energy ǫ that intervenes in the calculation of the phase offset in Eq. (12) is that (2) for 1/µ = 0, ǫ = |ǫ λ,1/µ=0 |. The difference between ǫ = ∆ + 2 q 2 /2m sym and |ǫ λ | = ∆ + 2 q 2 /2m λ stems from the electron-hole asymmetry (for 1/µ = 0), which does not affect the eigenstates and the Berry curvature but that shifts the energy of the contour at which p-3 the Berry phase Γ is evaluated [23] . Whereas the full band mass m λ is given in Eq. (4), the mass m sym entering the energy ǫ is the symmetric part of the band mass m sym = (1/M + 1/m D ) −1 . Let us first use the semiclassical approach to analyze the Diracness within the parabolic approximation (3) for the bands. From the above expressions one obtains for the Berry connection (15)
and thus for the Berry curvature B λ (q) = ∇ q × A λ (q) = B λ (q)e z , which is a vector oriented in the z-direction with the norm
where we have used the fact that the Berry connection is isotropic in reciprocal space, and we have neglected terms
Eventually, one obtains from Eq. (13) via integration on a path of constant q(ǫ), (18) where we have substituted q
which is the first ingredient in the calculation of the Diracness (14) . In the last two expressions, we have used the expression
for the Berry curvature directly at the wave-vector position (q = 0) of the gap. Furthermore, one has ǫ = |ǫ λ | − λ 2 q 2 /2µ, such that dǫ/d|ǫ λ | = 1 − λm λ /µ, and the final expression for the Diracness therefore reads
in terms of the full band mass m λ of Eq. (4), which coincides with the Diracness (11) obtained from the Landaulevel spectrum (8) . The semiclassical treatment thus shows that the Diracness is directly related to the Berry curvature at the gap (at q = 0). The latter can be obtained from a numerical determination of the eigenstates in the vicinity of the direct gap (q = 0) within ab initio calculations that also yield the band mass m λ .
Notice finally that the expression (21) is valid only in the parabolic-band approximation (3) and fails at high energies. If we investigate the model (1), one may still use the semiclassical approach (12) together with the expression (13) for the Berry curvature, and the Diracness can be expressed as
where we consider for simplicity an electron-hole symmetric band structure with 1/µ = 0. From the full dispersion relation (2), one then finds an energy-dependent Diracness
Whereas one retrieves the result (11) in the low-energy limit with ǫ → ∆, one notices that at high energies the Diracness vanishes δ λ (ǫ ≫ M v 2 , ∆) → 0. Indeed, one sees from the dispersion relation (2) that the electrons are governed at high energies by the Schrödinger terms ∝ 2 q 2 /2M . The resulting energy-dependent phase offset is plotted in Fig. 2 , for different values of the Diracness δ = δ λ (ǫ = ∆) defined within the parabolic approximation (9) .
General model in the Luttinger-Kohn representation. -Let us now consider the general model of a 2D direct-gap semiconductor that is described within the Luttinger-Kohn representation [25] to second order in the wave vectors
where a summation over repeated indices i, j is implicit.
There are no terms linear in q in the diagonal components because we require, for a direct-gap semiconductor, both a minimum in the conduction band and a maximum of the valence band at q = 0. One notices that the band structure is now anisotropic, and the principle axes for the ellipses in the conduction band are generally not identical to those in the valence band.
Berry curvature. The Berry curvature B λ (q) is a property encoded in the Hamiltonian or else the eigenstates ψ λ (q) of the Hamiltonian (24),
where we have made use of a gauge-invariant expression [27] in terms of the vector d q the components of which read d 
Here, the Dirac mass reads
in terms of the 2D vector product
, which is the z-component of the 3D vector product. Notice, however, that the expression (26) for the Berry curvature is valid strictly speaking only in a two-band model, where the wave functions have two components. In the presence of additional bands, it cannot be excluded that they contribute to the Berry curvature of the bands λ = e, h.
Cyclotron frequency and Diracness in the conduction band. The Landau-level spectrum associated with Hamiltonian (24) can be calculated approximately in the large-gap limit. We concentrate on the spectrum in the conduction band, that is for energies ǫ ∼ ∆ -the arguments are easily adapted for the valence band. In this case, it is convenient to choose a frame of reference for the wave vectors that coincides with the principle axes of the electron mass tensor 1/m e ij (for a calculation of the spectrum in the valence band, one would have chosen a diagonal tensor 1/m h ij ), and the Peierls substitution yields x m e y . The ladder operator reads a = l B (q x − iq y )/ √ 2, in terms of the rescaled wave-vector componentsq x = m 0 e /m e x q x andq y = m 0 e /m e y q y . Hamiltonian (24) can thus be rewritten as
where
h a 2 ≪ ∆ represents terms that are neglected in the large-gap limit when considering Landau levels in the conduction band. The other cyclotron-type frequencies are The solution of the eigenvalue equation Hψ n = ǫ n ψ n in the conduction band with the spinorial form ψ n = (u n , v n ) yields the equation
for the large component u n , which can be diagonalized with the help of the canonical transformation a = sinh β exp(−iφ)b † + cosh βb, such as to get rid of the terms proportional to bb and b † b † . A lengthy but straightforward calculation then yields the Landau-level spectrum
where ω e = eB/m C e is the cyclotron frequency in terms of the cyclotron mass 
written in terms of the cyclotron mass (33) and the Dirac mass (27) . One thus retrieves also in the Luttinger-Kohn model (24) the same parameter for the Diracness as in the simplified model (1) . We have expressed, in the last step, the Diracness in terms of the Berry curvature B e (q = 0)
p-5 at the direct gap via Eq. (26) , such that one finds the same expression (21) as in the semiclassical approach in the parabolic-band approximation.
Notice that one obtains a Diracness that can be positve or negative depending on the sign of v 1 ∧v 2 . As in the simplified model discussed above, the sign indicates whether the Landau level n = 0 resides in the conduction or the valence band. Furthermore, it is apparent from Eq. (34) that the Diracness as well as the Berry curvature (26) at the gap are annihilated if the two velocities v 1 and v 2 are collinear. Indeed, in the absence of the mass terms 1/m e ij , the dispersion would not depend on the wave vector in the direction perpendicular to v 1 and v 2 such that there would be no closed orbits and consequently no Landau levels. The Landau-level spectrum in this case therefore arises solely from the parabolic terms, and the electrons are of Schrödinger type with δ e = 0. 2 ) to the full band mass, is not revealed directly by the band structure of the electronic system. This subtle parameter is indeed encoded in the form of the two-band model, which finds its most general expression in the Luttinger-Kohn representation. It is unveiled in the phase offset of Shubnikov-de-Haas oscillations. Also in ab initio calculations, the Diracness may be extracted from the calculation of the Berry curvature directly at the gap. Due to its physical content, the proposed identification of the Diracness is an essential ingredient for the understanding of a vast second generation of 2D crystals, beyond graphene, with semiconducting electrons.
